Abstract. We relate the classical approximations S N (f )(x) of O.Szasz to the Bergman kernel of the Bargmann-Fock space H 2 (C, e −N |z| 2 dm(z)). This relation is the analogue for compact toric varieties of the relation between Bernstein polynomials and Bergman kernels on compact toric Kähler varieties of S. Zelditch. The relation is then used to generalize the Szasz analytic functions to any infinite volume toric Kähler variety. Further, we show that the Szsaz analytic function is the universal scaling limit of the Bernstein polynomial as a point approaches the boundary. Applications to summing lattice points over infinite volume polytopes are given.
Introduction
The purpose of this article is to relate the classical Szasz analytic function S N (f )(x) [S] to the Bergman kernel of Bargmann-Fock space, and to use this relation to define an analogue of the Szasz analytic function for all infinite volume toric Kähler varieties and their associated polytopes P . This generalized Szasz analytic function is the infinite volume analogue of the Bernstein polynomials B h N (f )(x) of [Z1] on compact toric Kähler varieties, and it has analogous applications. Moreover, the Szasz analytic function is the scaling limit of the Bernstein polynomial as x → ∂P . This scaling property illuminates the analysis in [SoZ1, SoZ2] of approximation of Kähler potentials by Bergman metrics.
We begin by recalling the original purpose of Bernstein and Szasz analytic functions. In 1912, S. Bernstein [B] introduced the Bernstein polynomials
to give a constructive proof of the Weierstrass approximation theorem for f ∈ C([0, 1]). He proved that if f ∈ C[0, 1], then B n (f )(x) −→ f (x) uniformly, as n −→ ∞ and if f ∈ C k [0, 1] then
(j) (x) uniformly for j ≤ k. The proof is based on the connection between B N (f )(x) and the Bernoulli distribution.
In 1950, O. Szasz [S] and M. Kac (unpublished) generalized the construction to the infinite interval [0, ∞] and introduced the Szasz analytic function
Szasz pointed out that S N (f )(x) is connected to the Poisson distribution. He proved that, if f (x) ∈ C[0, ∞), then S N (f ) −→ f (x) uniformly in any finite subinterval of [0, ∞).
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It was observed in [Z1] . This article began with the observation that S N (f )(x) has an exactly analogous relation to the Bergman kernel B h N BF for the Bargmann-Fock space H 2 (C, e −N |z| 2 dm(z)).
Lemma 1.1. Let f ∈ C ∞ (R m + ) and let S N (f )(x) be the classical Szasz analytic function (2). Then,
where u BF (x) = x log x − x is the symplectic potential for Bargmann-Fock Hermitian metric, µ BF (z) = |z| 2 is the moment map, and
The connection between the Szasz analytic function and the Bargmann-Fock Bergman kernel can be generalized to any infinite volume toric Kähler variety (L, M, ω) of any dimension m, with its invariant line bundle L. We denote by h a toric Hermitian metric on L with curvature (1, 1) form ω and denote by B h N (z, w) the Bergman kernel. We let µ h : M → P denote its moment map to the associated convex polytope P ⊂ R m .
The Nth normalized Szasz analytic expansion approximation to f with respect to the hermitian metric h on L −→ M is defined by
Some examples of infinite volume toric varieties are given in §4 . Among them is hyperbolic space, which corresponds to the negative Binomial process. Calabi-Yau toric varieties provide another class of infinite volume toric varieties which are of interest in physics. 
, where K ⊂ P is any compact subset, and L j is a differential operator of order 2j depending only on curvature invariants of the metric h; the expansion may be differentiated any number of times.
The condition Ric(h) > −ρRic(g) will ensure a good asymptotic of the Bergman Kernal, and it is first formally provided in [T] , and the complete proof is give in [MM] (theorem 6.1.1). A key point in the proof is the following lemma:
where
Our second main result gives additional motivation to study Szasz analytic functions. Namely, they arise as universal scaling limits for Bernstein (or Szasz) polynomials on any toric Kähler manifold as the boundary is approached. When analyzing the toric varieties and corresponding polytopes, the hardest part is to see what happen when the points are closed enough to the boundary facets or corners of the polytope,see [SoZ1, SoZ2] for more details. Our generalized Szasz transformation provides a good tool to analyze such cases, this is the key purpose of this paper. The main result of this part is the following theorem for the generalized Szasz functions. 
as N −→ ∞ on any compact subset of R m + , where (
. If we apply this theorem when k = n or k = 0 , it will reduce to the analysis of the corner or interior zones as defined in [SoZ2] . And this theorem is still true even if we remove the curvature condition over the compact Kähler manifolds. As a direct consequence, if we take our compact manifold as CP n , [Z1] shows that the generalized Szasz analytic function will become the classical Bernstein polynomial, which will give us the complete rescaling asymptotic of Bernstein polynomial (Theorem 3.7) , actually it is the Poisson law of rare events.
In the last section, we will apply our generalized function to the hyperbolic case. We will see that our generalized function is corresponding to the negative Binomial process. This fact is profound since the Hyperbolic metric is dual to the Fubini-Study metric, and as we all know,hyperbolic is dual to CP n in a certain sense.
Bargmann-Fock and Classical Szasz Analytic Functions
In this section,we will relate the classical Szasz analytic function with the Bargmann-Fock space. We denote M = C m and L = C m × C 1 is the trivial bundle. The Bargmann-Fock space is a space of entire functions over C m which are L 2 relative to the Bargmann-Fock metric, i.e H 2 (C m , π −m e −N |z| 2 dzdz) . The Hilbert space in this model has the orthogonal basis {z
are orthornormal basis of this Hilbert space. Now we can express the classical Szasz function by the information on Bargmann-Fock space.
Lemma 2.1.
Proof. First we have the Szegö kernel on the diagonal:
It is obvious to see that the Bargmann-Fock Kähler potential is
The moment map with respect to w ϕ is given by
Hence the moment map for the Bargmann-Fock case is given by
thus the moment polytope is R m + . The symplectic potential is given by the Legendre transform of ϕ(z) = |z| 2 i.e.
Lemma 2.2.
Proof. The key to the proof is to get the Szegö kernel off the diagonal , actually we have the following formula :
The proof and more details can be found in [SoZ2] . In our Bargmann-Fock case,
then the lemma followed by spectral theorem.
Generalized Szasz Analytic Expansion to any toric varieties
3.1. Proof of Theorem 1.2. In this section, follow the same argument in [Z1] and [SoZ2] , we will generalize Szasz analytic expansion to any polarized toric Kähler variety as defined in the introduction, and prove some basic properties of this generalized definition. Before proving our main result, we have to recall some classical results about the asymptotic expansion of Szegö kernel which have been proved in [MM] .
positive Hermitian holomorphic line bundle . Let g be a Kähler metric on M corresponding to the kähler form
for certain smooth coefficients a j (z) and any z ∈ K.
Off the diagonal , we have the following theorems: 
Once we have the classical express of the Szasz function by the Bargnmann-Fock metric over C n , we can define the generalized Szasz on any complete toric varieties
Once we have the generalized definition and the above two lemmas, we can prove Theorem 1.2 which is one of our main results.
Proof. First let's apply the operator theory to the formula :
We have,
Next, note that
Hence,
First by Taylor expanding we get the expansion :
And by the well known asymptotic expansions:
for various smooth coefficients a j (z); the first one is constant,assume a 0 = 1.Then we obtain,
If we divide this expression by the expanding of Π h N (z, z) ,we will cancel the constant and prove the theorem .
3.2. Analysis on N-dependent regions in the polytope. One of the most important difficulties to analyze the toric varieties when the point is closed enough to the boundary . There are three possibilities for all the points in the polytope: closed enough to the boundary facets or corners of the polytope, or closed to some facets but far away from the corner.The following theorem provides a nice way to analyze those points.
• For the boundary case, we have the asymptotic of generalized Szasa function when
, which means x is closed to some facets for the first k coordinates and far away from other facets, actually it is the rescaling classical Szasa function respecting to the x ′ variable.
Theorem 3.3. With the same assumption as above, we get
uniformly as N −→ ∞ on any compact subset of R m + . Proof. We have to use the slice coordinate of the toric varieties defined in [SoZ2] . In this coordinate, we will split all the coordinates into two parts (
We have the following
and split the fourier transformation of f as ξ = (ξ ′ , ξ ′′ ).With loss of generality, we can choose a local coordinate of z such that µ(0) = 0. And we have already known that
for any Kähler potential ϕ(z). Then by the formula that
We have the following estimate
′ is bounded , then we have
By Taylor expansion respect to z ′ variable, we have
is the z ′ -derivative of F . First note that :
Second we have :
2 ) Combining all the equalities and Theorem 3.3, we have
here, we also used the facts that |z
Note that by the Taylor expand,we have e
,ξ ′ which implies that
We have the classical asymptotic of Szegö kernel of the diagonal Π h N (z, z) as in Theorem 3.1. Hence we have
as N large enough, which gives the assertion in the theorem .
• For the corner case, Corollary 3.4.
uniformly as N −→ ∞ on any compact subset of R m + .
• For the interior case, As a direct consequence, if we take our compact manifold as CP n , the generalized Szasz analytic function will become the Bernstein polynomial,hence we have the following scaling asymptotic, which is essentially the Poisson law of rare events :
). But if we computer further more, we will get the complete asymptotic of this classical case. And it formally seems that the complete asymptotic expansion exists for the generalized Szasz function over any complete Kähler toric varieties. 
Proof. First by Taylor expand and Stirling formula,we have the fact that :
Hence by this fact,
Now let's compute the first nonzero coefficient and the rest coefficients can be obtained by the same argument.In this case, it is enough to consider the second order Taylor expand. Without lots of generalities, we can ignore and omit all the reminders which is quite reasonable since all the higher reminders only effect the higher order coefficients rather than the lower coefficients.
And by the same idea, if we use the higher Taylor expand, we will get higher order asymptotic of L k N (x) and hence get the higher order a j (x) which complete the proof.
3.3. Dedekind-Riemann sums over lattice points. In this section, we will use the generalized Szasz function to give a new measure on the infinite volume polytope.
Definition:
define a probability measures over any polytope P ⊂ R 
Following exactly the same argument in [Z1] , we have the following proposition which shows the advantage of our new measure:
Lemma 3.8. With the same assumption as above proposition, then
Theorem 3.9. With the same assumption as above, there exist differential operators E j , such that
where σ is the Leray measure on ∂P corresponding to the affine defining functions.l r (x) = ν r , x of the boundary facts . That is, on the rth facet of ∂P , dl r ∧ dσ = dx.
Proof. Recall that in the proof of Theorem 3.3, we have the following estimate :
where E j f (x) can be obtained by the iteration of the operator
Further, we recall [A1] and [D] that the scalar curvature of a toric Kähler metric is given in terms of the symplectic potential by
We now use the following formula due to Donaldson in [D] , Lemma 3.10. For any symplectic potential µ ϕ and smooth function f , jk u jk ϕ f ,jk ∈ L 1 (P ) and
But note that this formula is true for the compact Delzant polytope P , but it is still true for the infinite volume polytope since integration by parts is still true. Combing this lemma and the formula for the scalar curvature S, we obtain
which will give the theorem simply by integrate the asymptotic of N h N f (x) on both sides and the proposition above.
Example : Hyperbolic
When we apply our generalized function to the hyperbolic which is the noncompact toric variety, we will see that our generalized function is corresponding to the negative Binomial process. This fact is profound since the Hyperbolic metric is dual to the Fubini-Study metric, and as we all know,hyperbolic is dual to CP n in a certain sense. First, the kähler metric is given by
Hence, the kähler potential is given by
So the moment map is
we get the sympletic potential for B n :
where x = j=m j=1 x j and x j < 0. Next, let's computer the Hermitian and Szegö kernel: we note that D is in some way dual to CP 1 , so its Szegö kernel will replace 1 + |z| 2 of the Szegö kernel of Fubini-study metric by 1 − |z| 2 etc. Furthermore, on the tangent bundle is positive while the cotangent bundle is negative, and the reverse is true on D. Hence, we need to change the sign of the exponent. Hence we getΠ
On the diagonal we haveΠ
Let us consider the most simple case m = 1, the disc in C, and all the conclusions will automatically apply to the general case m ∈ N. When m = 1, an orthonormal basis with respect to hermitian metric h N is given by
Hence
where µ(z) = x and (N) α = N(N + 1) · · · (N + α − 1) In the hyperbolic case, we will see that our generalized Szasz analytic expansion relates the Bergman Kernel with the negative binomial distribution or Pascal distribution.
Theorem 4.1.
where X is Pascal distribution and the probability of successful trial is p = Proof. First let us compute the probability of X: denote q = 1 − p, then for any integer α ≥ N, P (X = α) = P (there are exact N − 1 successful trials among X 1 , X 2 , . . . , X α−1 and X α is successful trial)=C 
